CPT Groups of Spinor Fields in de Sitter and Anti-de Sitter Spaces by Varlamov, V. V.
ar
X
iv
:1
40
1.
77
23
v2
  [
ma
th-
ph
]  
2 A
pr
 20
15
CPT Groups of Spinor Fields in de Sitter and
Anti-de Sitter Spaces
V. V. Varlamov ∗
Abstract
CPT groups for spinor fields in de Sitter and anti-de Sitter spaces are de-
fined in the framework of automorphism groups of Clifford algebras. It is shown
that de Sitter spaces with mutually opposite signatures correspond to Clifford
algebras with different algebraic structure that induces an essential difference
of CPT groups associated with these spaces. CPT groups for charged parti-
cles are considered with respect to phase factors on the various spinor spaces
related with real subalgebras of the simple Clifford algebra over the complex
field (Dirac algebra). It is shown that CPT groups for neutral particles which
admit particle-antiparticle interchange and CPT groups for truly neutral par-
ticles are described within semisimple Clifford algebras with quaternionic and
real division rings, respectively. A difference between bosonic and fermionic
CPT groups is discussed.
1 Introduction
As is known, de Sitter and anti-de Sitter spaces of different dimensions have been
extensively studied during the past two decades mainly with the purpose of under-
standing the correspondence between supergravity in a five-dimensional anti-de Sitter
space and N = 4 supersymmetric field theory in four dimensions. On the other hand,
quantum field theory on the de Sitter spacetime by itself at present time is a rapid
developing area in theoretical and mathematical physics [1]–[7]. One of the first prob-
lem, which naturally arising in this context, is an investigation of CPT groups for
spinor fields in de Sitter R1,4 and anti-de Sitter R3,2 spaces. Importance of discrete
transformations is well-known, many textbooks on quantum theory began with de-
scription of the discrete symmetries, and famous Lu¨ders-Pauli CPT Theorem is a
keystone in general structure of quantum field theory (see, for example, the excellent
book [8]). Besides, a fundamental notion of antimatter immediately relates with the
charge conjugation C. However, usual practice of definition of the discrete symmetries
from the analysis of relativistic wave equations does not give a full and consistent the-
ory of the discrete transformations. In the standard approach, except a well studied
case of the spin j = 1/2 (Dirac equation), a situation with the discrete symmetries
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in quantum field theory remains unclear for the fields of higher spin j > 1/2. It
is obvious that the main reason of this is an absence of a fully adequate formalism
for description of higher-spin fields (all widely accepted higher-spin formalisms such
as Rarita–Schwinger approach [9], Bargmann-Wigner [10] and Gel’fand-Yaglom [11]
multispinor theories, and also Joos-Weinberg 2(2j+1)-component formalism [12, 13]
have many intrinsic contradictions and difficulties). Moreover, Lee and Wick [14]
claimed that “the situation is clearly an unsatisfactory one from a fundamental point
of view”. The first attempt of going out from this situation was initiated by Gel’fand,
Minlos and Shapiro in 1958 [15]. In the Gel’fand-Minlos-Shapiro approach the dis-
crete symmetries are represented by outer involutory automorphisms of the Lorentz
group (there are also other realizations of the discrete symmetries via the outer au-
tomorphisms, see [16, 17, 18]). At present, the Gel’fand-Minlos-Shapiro ideas have
been found further development in the works of Buchbinder, Gitman and Shelepin
[19, 20], where the discrete symmetries are represented by both outer and inner au-
tomorphisms of the Poincare´ group. An algebraic method for description of discrete
symmetries was proposed by author in the works [21, 22], where the discrete symme-
tries are represented by automorphisms of the Clifford algebras.
In this paper CPT groups are considered in the spaces R4,1 and R1,4 with mutually
opposite signatures (+,+,+,+,−) and (−,−,−,−,+). The difference of signatures
induces difference of Clifford algebras associated with these spaces. So, for the algebra
Cℓ4,1, associated with the space R
4,1, there is an isomorphism Cℓ4,1 ≃ Cℓ4, where Cℓ4
is a Dirac algebra, and for the algebra Cℓ1,4, associated with the space R
1,4, we have
a decomposition Cℓ1,4 ≃ Cℓ4,0 ⊕ Cℓ4,0, where Cℓ4,0 ≃ Cℓ
+
1,4 is an even subalgebra of
Cℓ1,4. CPT groups of the algebra Cℓ4,1 ≃ Cℓ4 are studied in the section 3 with
respect to all real subalgebras of Cℓ4. In turn, for the algebra Cℓ1,4 there exists a
homomorphic mapping ǫ : Cℓ1,4 →
ǫCℓ4,0, where
ǫCℓ4,0 ≃ Cℓ4,0/Ker ǫ is a quotient
algebra, Ker ǫ is the kernel of the homomorphism ǫ. It is shown that at the mapping
ǫ the CPT group of the initial algebra is reduced to one from its subgroups. Discrete
symmetries on the quotient representations of the algebra Cℓ1,4, associated with the
space R1,4, are studied in the section 4. The analogous situation takes place for the
algebra Cℓ3,2 associated with the anti-de Sitter space R
3,2. In this case we have a
decomposition Cℓ3,2 ≃ Cℓ2,2 ⊕ Cℓ2,2, where Cℓ2,2 ≃ Cℓ
+
3,2 is an even subalgebra of
Cℓ3,2 (this decomposition is a particular case of the well-known isomorphism Cℓp,q ≃
Cℓq,p−1⊕Cℓq,p−1, see, for example, [23]). Discrete symmetries of the quotient algebra
ǫCℓ2,2, obtained at the homomorphic mapping ǫ : Cℓ3,2 →
ǫCℓ2,2, are considered in
the section 5.
2 CPT group
As is known, within the Clifford algebras there are infinitely many (continuous) au-
tomorphisms. Discrete symmetries P and T transform (reflect) space and time (two
the most fundamental notions in physics), but in the Minkowski 4-dimensional space-
time continuum space and time are not separate and independent. For that reason a
transformation of one (space or time) induces a transformation of another. Therefore,
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discrete symmetries should be expressed by such transformations of the continuum,
which transform all its structure totally with a full preservation of discrete nature1.
In 1949, Schouten [25] introduced such (discrete) automorphisms. In 1955, a first sys-
tematic description of these automorphisms was given by Rashevskii [26]. He showed
that within the Clifford algebra Cℓp,q over the real field F = R there exist four funda-
mental automorphisms :
1) Identity: An automorphism A → A and ei → ei.
This automorphism is an identical automorphism of the algebra Cℓp,q. A is an arbi-
trary element of Cℓp,q.
2) Involution: An automorphism A → A⋆ and ei → −ei.
In more details, for an arbitrary element A ∈ Cℓp,q there exists a decomposition
A = A′ +A′′, where A′ is an element consisting of homogeneous odd elements, and
A′′ is an element consisting of homogeneous even elements, respectively. Then the
automorphism A → A⋆ is such that the element A′′ is not changed, and the element
A′ changes sign: A⋆ = −A′ +A′′. If A is a homogeneous element, then
A⋆ = (−1)kA, (1)
where k is a degree of the element. It is easy to see that the automorphism A → A⋆
may be expressed via the volume element ω = e12...p+q:
A⋆ = ωAω−1, (2)
where ω−1 = (−1)
(p+q)(p+q−1)
2 ω. When k is odd, the basis elements ei1i2...ik the sign
changes, and when k is even, the sign is not changed.
3) Reversion: An antiautomorphism A → A˜ and ei → ei.
The antiautomorphism A → A˜ is a reversion of the element A, that is the substitution
of each basis element ei1i2...ik ∈ A by the element eikik−1...i1 :
eikik−1...i1 = (−1)
k(k−1)
2 ei1i2...ik .
Therefore, for any A ∈ Cℓp,q we have
A˜ = (−1)
k(k−1)
2 A. (3)
4) Conjugation: An antiautomorphism A → A˜⋆ and ei → −ei.
This antiautomorphism is a composition of the antiautomorphism A → A˜ with the
automorphism A → A⋆. In the case of a homogeneous element from the formulae (1)
and (3), it follows
A˜⋆ = (−1)
k(k+1)
2 A. (4)
1It is interesting to note that in the well-known Penrose twistor program [24] a spinor structure
is understood as the underlying (more fundamental) structure with respect to Minkowski spacetime.
In other words, spacetime continuum is not fundamental substance in the twistor approach, this is a
fully derivative (in spirit of Leibnitz philosophy) entity generated by the underlying spinor structure.
In this context spacetime discrete symmetries P and T should be considered as projections (shadows)
of the fundamental automorphisms belonging to the background spinor structure.
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A finite group structure of the automorphism set {Id, ⋆, ˜ , ⋆˜} was studied in [21]
with respect to discrete symmetries which compound PT group (so-called reflection
group)2.
Other important discrete symmetry is the charge conjugation C. In contrast with
the transformations P , T , PT , the operation C is not spacetime discrete symmetry.
As is known, the Clifford algebra Cℓn over the complex field F = C is associated with
a complex vector space Cn. Let n = p + q, then an extraction operation of the real
subspace Rp,q in Cn forms the foundation of definition of the discrete transformation
known in physics as a charge conjugation C. Indeed, let {e1, . . . , en} be an orthobasis
in the space Cn, e2i = 1. Let us remain the first p vectors of this basis unchanged,
and other q vectors multiply by the factor i. Then the basis
{e1, . . . , ep, iep+1, . . . , iep+q} (5)
allows one to extract the subspace Rp,q in Cn. Namely, for the vectors Rp,q we take the
vectors of Cn which decompose on the basis (5) with real coefficients. In such a way
we obtain a real vector space Rp,q endowed (in general case) with a non-degenerate
quadratic form
Q(x) = x21 + x
2
2 + . . .+ x
2
p − x
2
p+1 − x
2
p+2 − . . .− x
2
p+q,
where x1, . . . , xp+q are coordinates of the vector x in the basis (5). It is easy to see
that the extraction of Rp,q in Cn induces an extraction of a real subalgebra Cℓp,q in
Cℓn. Therefore, any element A ∈ Cℓn can be unambiguously represented in the form
A = A1 + iA2,
where A1, A2 ∈ Cℓp,q. The one-to-one mapping
A −→ A = A1 − iA2 (6)
transforms the algebra Cℓn into itself with preservation of addition and multiplication
operations for the elements A; the operation of multiplication of the element A by
the number transforms to an operation of multiplication by the complex conjugate
number. Any mapping of Cℓn satisfying these conditions is called a pseudoautomor-
phism. Thus, the extraction of the subspace Rp,q in the space Cn induces in the
algebra Cℓn a pseudoautomorphism A → A [26, 27]. Compositions of A → A with
the fundamental automorphisms allow one to extend the set {Id, ⋆, ˜ , ⋆˜} by the
pseudoautomorphisms A → A, A → A⋆, A → A˜, A → A˜⋆ [22]. A finite group
structure of an automorphism set {Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} was studied in [22] with
respect to CPT symmetries.
Further, in accordance with Wedderburn theorem any finite-dimensional associa-
tive simple algebra A over the field F is isomorphic to a full matrix algebra Matn(K),
where n is natural number defined unambiguously, and K a division ring defined
2Some applications of the fundamental automorphisms to discrete symmetries of quantum field
theory were considered by Rashevskii in [26] (see also his paper [27])
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with an accuracy of isomorphism. According to Wedderburn theorem the antiauto-
morphism A → A˜ corresponds to an antiautomorphism of the full matrix algebra
Mat2m(K): A → A
t, in virtue of the well-known relation (AB)t = BtAt, where t is a
symbol of transposition, n = 2m. On the other hand, in the matrix representation
of the elements A ∈ Cℓp,q, for the antiautomorphism A → A˜ we have A → A˜. A
composition of the two antiautomorphisms, At → A → A˜, gives an automorphism
At → A˜, which is an internal automorphism of the algebra Mat2m(K):
A˜ = EAtE−1, (7)
where E is a matrix, by means of which the antiautomorphism A → A˜ is expressed
in the matrix representation of the algebra Cℓp,q. Under action of the antiautomor-
phism A → A˜ the units of Cℓp,q remain unaltered, ei → ei; therefore in the matrix
representation, we must demand Ei → Ei, where Ei = γ(ei) also. Therefore, for the
definition of the matrix E in accordance with (7) we have
Ei −→ Ei = EE
t
E
−1. (8)
A spinor representation of the automorphism A → A⋆ follows directly from (2):
A⋆ = WAW−1, where W = E1E2 · · · Ep+q. Further, a spinor representation of the pseu-
doautomorphism A → A of the algebra Cℓn when n ≡ 0 (mod 2) is defined as follows.
In the spinor representation the every element A ∈ Cℓn should be represented by some
matrix A, and the pseudoautomorphism (6) takes a form of the pseudoautomorphism
of the full matrix algebra Mat2n/2 :
A −→ A.
On the other hand, a transformation replacing the matrix A by the complex conjugate
matrix, A → A˙, is also some pseudoautomorphism of the algebra Mat2n/2 . The
composition of the two pseudoautomorpisms A˙ → A and A → A, A˙ → A → A, is
an internal automorphism A˙→ A of the full matrix algebra Mat2n/2 :
A = ΠA˙Π−1, (9)
where Π is a matrix of the pseudoautomorphism A → A in the spinor representation.
The sufficient condition for definition of the pseudoautomorphism A → A is a choice
of the matrix Π in such a way that the transformation A → ΠA˙Π−1 transfers into
itself the matrices E1, . . . , Ep, iEp+1, . . . , iEp+q (the matrices of the spinbasis of Cℓp,q),
that is,
Ei −→ Ei = ΠE˙iΠ
−1 (i = 1, . . . , p+ q). (10)
The more detailed spinor representation of the pseudoautomorphism A → A with
respect to a division ring structure of the real subalgebras is given by the following
theorem.
Theorem 1 ([22]). Let Cℓn be a complex Clifford algebra for n ≡ 0 (mod 2) and let
Cℓp,q ⊂ Cn be its subalgebra with a real division ring K ≃ R when p−q ≡ 0, 2 (mod 8)
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and quaternionic division ring K ≃ H when p− q ≡ 4, 6 (mod 8), n = p+ q. Then in
dependence on the division ring structure of the real subalgebra Cℓp,q the matrix Π of
the pseudoautomorphism A → A has the following form:
1) K ≃ R, p− q ≡ 0, 2 (mod 8).
The matrix Π for any spinor representation over the ring K ≃ R is proportional to
the unit matrix.
2) K ≃ H, p− q ≡ 4, 6 (mod 8).
Π = Eα1α2···αa when a ≡ 0 (mod 2) and Π = Eβ1β2···βb when b ≡ 1 (mod 2), where a
complex matrices Eαt and b real matrices Eβs form a basis of the spinor representation
of the algebra Cℓp,q over the ring K ≃ H, a+ b = p+ q, 0 < t ≤ a, 0 < s ≤ b. At this
point,
ΠΠ˙ = I if a, b ≡ 0, 1 (mod 4),
ΠΠ˙ = −I if a, b ≡ 2, 3 (mod 4),
where I is the unit matrix.
Spinor representations of the all other automorphisms from the set {Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜}
are defined in a similar manner. We list these transformations and their spinor rep-
resentations:
A −→ A⋆, A⋆ = WAW−1,
A −→ A˜, A˜ = EAtE−1,
A −→ A˜⋆, A˜⋆ = CAtC−1, C = EW,
A −→ A, A = ΠA∗Π−1,
A −→ A⋆, A⋆ = KA∗K−1, K = ΠW,
A −→ A˜, A˜ = S
(
A
t
)∗
S
−1, S = ΠE,
A −→ A˜⋆, A˜⋆ = F (A∗)t F−1, F = ΠC,
It is easy to verify that an automorphism set {Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} of Cℓn forms
a finite group of order 8.
Further, let Cℓn be a Clifford algebra over the field F = C and let CPT(Cℓn) =
{Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} be an automorphism group of the algebra Cℓn. Then there is
an isomorphism between CPT(Cℓn) and a CPT group of the discrete transformations,
CPT(Cℓn) ≃ {1, P, T, PT, C, CP, CT, CPT} ≃ Z2 × Z2 × Z2. In this case, space
inversion P , time reversal T , full reflection PT , charge conjugation C, transformations
CP , CT and the full CPT–transformation correspond to the automorphism A → A⋆,
antiautomorphisms A → A˜, A → A˜⋆, pseudoautomorphisms A → A, A → A⋆,
pseudoantiautomorphisms A → A˜ and A → A˜⋆, respectively [22].
The group {1, P, T, PT, C, CP, CT, CPT} at the conditions P 2 = T 2 =
(PT )2 = C2 = (CP )2 = (CT )2 = (CPT )2 = 1 and commutativity of all the el-
ements forms an Abelian group of order 8, which is isomorphic to a cyclic group
Z2 × Z2 × Z2. In turn, the automorphism group {Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} in virtue
6
of commutativity (˜A⋆) =
(
A˜
)⋆
, (A⋆) =
(
A
)⋆
,
(
A˜
)
=
(˜
A
)
,
(
A˜⋆
)
=
(˜
A
)⋆
and an
involution property ⋆⋆ = ˜ ˜ = = Id is also isomorphic to Z2 × Z2 × Z2:
{1, P, T, PT, C, CP, CT, CPT} ≃ {Id, ⋆, ˜ , ⋆˜, , ⋆, ˜ , ⋆˜} ≃ Z2 × Z2 × Z2.
In 2003, the CPT group was introduced [22] in the context of an extension of au-
tomorphism groups of Clifford algebras. The relationship between CPT groups and
extraspecial groups and universal coverings of orthogonal groups was established in
[22, 28]. In 2004, Socolovsky considered the CPT group of the spinor field with re-
spect to phase factors [29]. CPT groups of spinor fields in the de Sitter spaces of
different signatures were studied in the works [30, 31]. CPT groups for higher spin
fields have been defined in [32] on the spinspaces associated with representations of
the spinor group Spin+(1, 3) (a universal covering of the proper orthocronous Lorentz
group).
2.1 Salingaros groups
As it has been shown previously, CPT groups have explicit realizations via the finite
groups. As is known [33]–[37], a structure of the Clifford algebras admits a very
elegant description in terms of finite groups. In accordance with a multiplication rule
e2i = σ(p− i)e0, eiej = −ejei, (11)
σ(n) =
{
−1 if n ≤ 0,
+1 if n > 0,
(12)
basis elements of the Clifford algebra Cℓp,q (the algebra over the field of real numbers,
F = R) form a finite group of order 2n+1,
G(p, q) = {±1, ±ei, ±eiej , ±eiejek, . . . , ±e1e2 · · · en} (i < j < k < . . .). (13)
Salingaros showed [33, 34] that there exist five distinct types of finite groups (13)
that arise from Clifford algebras. In [33, 34] they were called ‘vee groups’ and were
labelled as
Nodd, Neven, Ωodd, Ωeven, Sk. (14)
The odd N -groups correspond to real spinors, for example, N1 is related to real
2-spinors, and N3 is the group of the real Majorana matrices. The even N -groups
define the quaternionic groups. The S-groups are the ‘spinor groups’ (Sk = N2k×C ≃
N2k−1×C): S1 is the group of the complex Pauli matrices, and S2 is the group of the
Dirac matrices. Furthermore, the Ω-groups are double copies of the N -groups and
can be written as a direct product of the N -groups with the group of two elements
Z2:
Ωk = Nk × Z2. (15)
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The five distinct types of Salingaros groups correspond to the five division rings of
the real Clifford algebras [28]:
Nodd ↔ Cℓp,q, p− q ≡ 0, 2 (mod 8), K ≃ R;
Neven ↔ Cℓp,q, p− q ≡ 4, 6 (mod 8), K ≃ H;
Ωodd ↔ Cℓp,q, p− q ≡ 1 (mod 8), K ≃ R⊕ R;
Ωeven ↔ Cℓp,q, p− q ≡ 5 (mod 8), K ≃ H⊕H;
Sk ↔ Cℓp,q, p− q ≡ 3, 7 (mod 8), K ≃ C.
Let Z(p, q) ⊂ Cℓp,q be a center of the finite group (13). In such a way, we have three
distinct realizations of the center Z(p, q):
Z(p, q) = {1,−1} ≃ Z2 if p− q ≡ 0, 2, 4, 6 (mod 8);
Z(p, q) = {1,−1, ω,−ω} ≃ Z2 × Z2 if p− q ≡ 1, 5 (mod 8);
Z(p, q) = {1,−1, ω,−ω} ≃ Z4 if p− q ≡ 3, 7 (mod 8).
The Abelian groups Z(p, q) are the subgroups of the Salingaros groups (14). Namely,
N–groups have the center Z2, Ω–groups have the center Z2 × Z2, and S-group has
the center Z4.
The following Theorem presents a key result in the group structure of Cℓp,q.
Theorem 2 (Salingaros [33]). The factor group G(p, q)/Z(p, q) is the Abelian group
(Z2)
×2k = Z2 × Z2 × · · · × Z2 (2k times):
G(p, q)
Z(p, q)
:
N2k−1
Z2
≃
N2k
Z2
≃
Ω2k−1
Z2 × Z2
≃
Ω2k
Z2 × Z2
≃
Sk
Z4
≃ (Z2)
×2k .
This Theorem allows one to identify the Salingaros groups with extraspecial groups
[33, 35, 36]. As known, a finite group G is called an extraspecial 2-group if G is of
order 2n and G/Z(G) is the Abelian group Z2 × · · ·×Z2 (n− 1 times). Further, if G
is the extraspecial 2-group of order 22k+1, then
G ≃ D4 ◦ · · · ◦D4 (k times), or
G ≃ Q4 ◦D4 ◦ · · · ◦D4 (k − 1 times),
where ◦means a central product of two groups: that is, the direct product with centers
identified. For example, the direct product Q4 ×D4 has the resulting group of order
8 × 8 = 64, and its center is the direct product of the two individual centers and is
equal to Z2×Z2. In contrast, the central product Q4 ◦D4 amalgamates the Z2 center
of Q4 with the Z2 of D4 to give the center of Q4 ◦ D4 as Z2. Therefore, the central
product Q4 ◦ D4 is of order 32. In the case where one center is a subgroup of the
other center, they both amalgamate into the larger center.
In terms of the extraspecial groups all the Salingaros groups take the form:
N2k−1 ≃ (N1)
◦k ,
N2k ≃ N2 ◦ (N1)
◦(k−1) ,
Ω2k−1 ≃ N2k−1 ◦ (Z2 × Z2) ,
Ω2k ≃ N2k ◦ (Z2 × Z2) ,
Sk ≃ N2k−1 ◦ Z4 ≃ N2k ◦ Z4.
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As is known, an important property of each finite group is its order structure.
The order of a particular element α in the group is the smallest integer p for which
αp = 1. For example, the Tab. 1 lists the number of distinct elements in each group
which have order 2, 4, or 8 (the identity 1 is the only element of order 1).
Order structure
Type 2 4 8
1. Z2 × Z2 × Z2 Abelian 7
2. Z4 × Z2 3 4
3. Z8 1 2 4
4. D4 Non–Abelian 5 2
5. Q4 1 6
6.
∗
Z4 × Z2 3 4
Tab. 1: Finite groups of order 8.
Following to Salingaros an order structure of the finite group is defined by the
expression
(o1, o2, o4, o8),
where o1 is the number of elements of order 1, o2 is the number of elements of order 2
and so on. Salingaros drops the first entry as it always 1. Therefore, we will use below
the order structure with three entries, (o2, o4, o8). Of course, Z8 does not occur as a
G(p, q) (Salingaros group), since every element of G(p, q) has order 1, 2, or 4. The
groups Z4 × Z2 and
∗
Z4 × Z2 in Tab. 1 have the same order structure (3,4,0), but the
sequences of ‘+’ and ‘-’ are different in their signatures (a, b, c, d, e, f, g). The group
∗
Z4 × Z2 is an non-Abelian analogue of Z4 × Z2.
2.2 Da¸browski groups
In 1958, Shirokov pointed out [38, 39] that a universal covering of the inhomogeneous
Lorentz group has eight inequivalent realizations. Later on, in the eighties this idea
was applied to a general orthogonal group O(p, q) by Da¸browski [40]. As is known,
the orthogonal group O(p, q) of the real space Rp,q is represented by the semidirect
product of a connected component O0(p, q) and a discrete subgroup {1, P, T, PT}. In
general, there are eight double coverings of the orthogonal group O(p, q) [40]:
ρa,b,c : Pina,b,c(p, q) −→ O(p, q),
where a, b, c ∈ {+,−}. As is known, the group O(p, q) consists of four connected
components: identity connected component O0(p, q), and three components corre-
sponding to space inversion P , time reversal T , and the combination of these two
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PT , that is, O(p, q) = (O0(p, q)) ∪ P (Q0(p, q)) ∪ T (O0(p, q)) ∪ PT (O0(p, q)). Fur-
ther, since the four-element group (reflection group) {1, P, T, PT} is isomorphic to
the finite group Z2 × Z2, then O(p, q) may be represented by a semidirect product
O(p, q) ≃ O0(p, q) ⊙ (Z2 ⊗ Z2). The signs of a, b, c correspond to the signs of the
squares of the elements in Pina,b,c(p, q) which cover space inversion P , time reversal
T and a combination of these two PT (a = −P 2, b = T 2, c = −(PT )2 in Da¸browski’s
notation [40] and a = P 2, b = T 2, c = (PT )2 in Chamblin’s notation [41] which we
will use below). An explicit form of the group Pina,b,c(p, q) is given by the following
semidirect product:
Pina,b,c(p, q) ≃
(Spin+(p, q)⊙ C
a,b,c)
Z2
, (16)
where Ca,b,c are the four double coverings of Z2×Z2. All the eight universal coverings
of the orthogonal group O(p, q) are given in the Tab. 2. At this point, the group
a b c Ca,b,c Remark
+ + + Z2 × Z2 × Z2 PT = TP
+ − − Z2 × Z4 PT = TP
− + − Z2 × Z4 PT = TP
− − + Z2 × Z4 PT = TP
− − − Q4 PT = −TP
− + + D4 PT = −TP
+ − + D4 PT = −TP
+ + − D4 PT = −TP
Tab. 2: PT -structures.
PT(Cℓp,q) ≃
Ca,b,c
Z2
is the reflection group.
In turn, it has been shown [22] that there exist 64 universal coverings of the
orthogonal group O(p, q):
ρa,b,c,d,e,f,g : Pina,b,c,d,e,f,g −→ O(p, q),
where
Pina,b,c,d,e,f,g(p, q) ≃
(Spin+(p, q)⊙ C
a,b,c,d,e,f,g)
Z2
. (17)
Here Ca,b,c,d,e,f,g are five double coverings of the group Z2×Z2×Z2, and a, b, c, d, e, f, g ∈
{+,−}, a = P 2, b = T 2, c = (PT )2, d = C2, e = (CP )2, f = (CT )2, g = (CPT )2.
All the possible double coverings Ca,b,c,d,e,f,g are given in the Tab. 3. Thus,
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a b c d e f g Ca,b,c,d,e,f,g Type
+ + + + + + + Z2 × Z2 × Z2 × Z2 Abelian
three ‘+’ and four ‘−’ Z4 × Z2 × Z2
one ‘+’ and six ‘−’ Q4 × Z2 Non-Abelian
five ‘+’ and two ‘−’ D4 × Z2
three ‘+’ and four ‘−’
∗
Z4 × Z2 × Z2
Tab. 3: CPT -structures.
Ca,b,c,d,e,f,g = {±1, ±P, ±T, ±PT, ±C, ±CP, ±CT, ±CPT}
is a full CPT group. Ca,b,c,d,e,f,g is a finite group of order 16 (a complete classification
of these groups is given in [22]). At this point, the group
CPT(Cℓp,q) =
Ca,b,c,d,e,f,g
Z2
is called a generating group. It is easy to see that in case of the algebra Cℓp,q (or
subalgebra Cℓp,q ⊂ Cℓn) with the real division ring K ≃ R, p−q ≡ 0, 2 (mod 8), CPT -
structures, defined by the group (17), are reduced to the eight Shirokov-Da¸browski
PT -structures.
3 CPT groups in the space R4,1
In 1935, Dirac [42] introduced relativistic wave equations in a five-dimensional pseu-
doeuclidean space R4,1 (de Sitter space),
(iγ0∂0 + iγk∂k −m)ψ = 0 (18)
or
(iγµ∂µ +m)ψ = 0,
where five 4× 4 Dirac matrices γµ satisfy the relations
γµγν + γνγµ = 2gµν , µ = 0, 1, 2, 3, 4.
The algebra Cℓ4,1, associated with the space R
4,1, has the type p − q ≡ 3 (mod 8).
Hence it follows the isomorphism Cℓ4,1 ≃ Cℓ4, where Cℓ4 is a Clifford algebra over the
complex field F = C (so-called Dirac algebra).
A finite group G(4, 1) corresponding to Cℓ4,1 ≃ Cℓ4 is a particular case of (13).
So, in accordance with (13) the Dirac group G(4, 1) is defined by the following set:
G(4, 1) = {±1, ±e1, . . . , ±e5, ±e1e2, . . . , ±e4e5,
± e1e2e3, . . . , ±e3e4e5, ±e1e2e3e4, . . . , ±e2e3e4e5, ±e1e2e3e4e5}.
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It is a finite group of order 64 with the order structure (31, 32, 0). The Dirac group
is an extraspecial two-group. For this group the following isomorphism holds:
G(4, 1) = S2 ≃ N4 ◦ Z4 ≃ Q4 ◦D4 ◦ Z4.
The center of G(4, 1) is isomorphic to the group Z4 (finite group of order 4). G(4, 1)
is an non-Abelian group (as all Salingaros groups, except the first three groups Z2,
Ω0 = Z2 × Z2 and S0 = Z4).
In dependence on the division ring structure the algebra Cℓ4 has five real subalge-
bras which correspond to real subspaces Rp,q ⊂ C4 (p+q = 4) with distinct signatures
(+,−,−,−), (−,+,+,+), (−,−,−,−), (+,+,+,+) and (−,−,+,+). Three subal-
gebras with the quaternionic ring K ≃ H: the spacetime algebra Cℓ1,3, Cℓ4,0 and Cℓ0,4.
Two subalgebras with the real ring K ≃ R: the Majorana Cℓ3,1 and Cℓ2,2 algebras.
In accordance with (13) the each real subalgebra Cℓp,q ⊂ C4 induces a finite group
G(p, q). Let us consider in detail the structure of these finite groups. Owing to (13),
a spacetime group is defined by the followng set:
G(1, 3) = {±1, ±γ0, ±γ1, ±γ2, ±γ3, ±γ0γ1, ±γ0γ2,
± γ0γ3, ±γ1γ2, ±γ1γ3, ±γ2γ3, ±γ0γ1γ2, ±γ0γ1γ3,
± γ0γ2γ3, ±γ1γ2γ3, ±γ0γ1γ2γ3}. (19)
It is a finite group of order 32 with the order structure (11, 20, 0). Moreover, G(1, 3) is
the extraspecial two-group. In Salingaros notation the following isomorphism holds:
G(1, 3) = N4 ≃ Q4 ◦D4,
A center of the group G(1, 3) is isomorphic to a cyclic group Z2. G(1, 3) is the non-
Abelian group which contains many subgroups both Abelian and non-Abelian. For
example, the group of fundamental automorphisms of the algebra Cℓ1,3 is an Abelian
subgroup of G(1, 3), PT(Cℓ1,3) = {Id, ⋆, ˜ , ⋆˜} ≃ {1, P, T, PT} ≃ Z2 × Z2 ⊂ G(1, 3).
In turn, the automorphism group of the algebra Cℓ1,3 is a non-Abelian subgroup of
G(1, 3), CPT(Cℓ1,3) ≃⊂ G(1, 3). Finite groups G(4, 0) and G(0, 4), corresponding
to the subalgebras Cℓ4,0 and Cℓ0,4, are isomorphic to each other, since these groups
possess the order structure (11, 20, 0). This group isomorphism is a direct consequence
of the algebra isomorphism Cℓ4,0 ≃ Cℓ0,4. Therefore,
G(4, 0) ≃ G(0, 4) = N4 ≃ Q4 ◦D4.
The Majorana group G(3, 1) with the order structure (19, 12, 0) is a central product
of the two groups D4:
G(3, 1) = N3 ≃ N1 ◦N1 ≃ D4 ◦D4.
G(3, 1) is the non-Abelian group; a center of the group is isomorphic to Z2. The same
isomorphism takes place for the group
G(2, 2) = N3 ≃ D4 ◦D4.
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Thus, the real subalgebras of the Dirac algebra Cℓ4 form five finite groups of order
32. Three subalgebras with the ring K ≃ H form finite groups which isomorphic to
the central product Q4 ◦ D4, and two subalgebras with the ring K ≃ R form finite
groups defined by the product D4 ◦D4.
If we consider a spinor representation (a left regular representation in a spinspace
S), then the units ei of the algebra Cℓ4 are replaced by γ-matrices via the rule γi =
γ(ei), where γ is a mapping of the form Cℓp,q
γ
−→ EndK(S), Cℓp,q ⊂ Cℓ4. In the
papers [30, 31] matrices γi = γ(ei) were defined via a Brauer-Weyl representation
[43]. Following to a more rigorous algebraic framework [44], we see that a definition
procedure of the spinor representation over the ring K is hardly fixed and depends
on the structure of primitive idempotents f of the algebra Cℓp,q. As is known, for the
Clifford algebra Cℓp,q over the field F = R there are isomorphisms Cℓp,q ≃ EndK(Ip,q) ≃
Mat2m(K), where m = (p + q)/2, Ip,q = Cℓp,qf is a minimal left ideal of Cℓp,q, and
K = fCℓp,qf is a division ring of Cℓp,q. A primitive idempotent of the algebra Cℓp,q
has the form
f =
1
2
(1± eα1)
1
2
(1± eα2) · · ·
1
2
(1± eαk),
where eα1 , eα2 , . . . , eαk are commuting elements with square 1 of the canonical basis
of Cℓp,q generating a group of order 2
k, that is, (eα1 , eα2 , . . . , eαk) ≃ (Z2)
×k, where
(Z2)
×k = Z2×Z2×· · ·×Z2 (k times) is an Abelian group. The values of k are defined
by the formula k = q−rq−p, where ri are the Radon-Hurwitz numbers [45, 46], values
of which form a cycle of the period 8: ri+8 = ri + 4. The values of all ri are
i 0 1 2 3 4 5 6 7
ri 0 1 2 2 3 3 3 3
.
In terms of finite groups we have here an idempotent group Tp,q(f) ≃ (Z2)
×(k+1) of
the order 2k+1 = 21+q−rq−p. In turn, a quotient group G(p, q)/Tp,q(f) ≃ Gp,q(f) is
a finite group of order 21+p+rq−p [47, 48, 49]. It is obvious that Gp,q(f) is a normal
subgroup of G(p, q).
First of all, in accordance with Theorem 9 in [22] Clifford algebras over the field
F = C correspond to charged particles such as electron, proton and so on. CPT
groups for the algebra Cℓ4,1 ≃ Cℓ4 are considered in appendix.
In general case all the elements of Ca,b,c,d,e,f,g (resp. CPT(Cℓ1,3)) depend on the
phase factors. Let us suppose
P = ηpW, T = ηtE, C = ηcΠ, (20)
where ηp, ηt, ηc ∈ C
∗ = C− {0}. Taking into account (20), we obtain
CPT(Cℓ1,3) ≃ {1, P, T, PT, C, CP, CT, CPT} ≃
≃ {14, ηpW, ηtE, ηpηtEW, ηcΠ, ηcηpΠW, ηcηtΠE, ηcηpηtΠEW} ≃
≃ {14, ηpW, ηtE, ηpηtC, ηcΠ, ηcηpK, ηcηtS, ηcηpηtF}.
The multiplication table of this general group is given in Tab. 4. The Tab. 4 presents
a general generating matrix for any possible CPT groups of the fields of any spin.
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14 ηpW ηtE ηptC ηcΠ ηcpK ηctS ηcptF
14 14 ηpW ηtE ηptC ηcΠ ηcpK ηctS ηcptF
ηpW ηpW η
2
pW
2 ηptWE η
2
pηtWC ηpcWΠ ηcη
2
pWK ηcptWS ηctη
2
pWF
ηtE ηtE ηptEW η
2
t E
2 ηpη
2
t EC ηctEΠ ηcptEK ηcη
2
t ES ηcpη
2
t EF
ηptC ηptC η
2
pηtCW ηpη
2
tCE η
2
ptC
2 ηcptCΠ ηctη2pCK ηcpη
2
t CS ηcη
2
ptCF
ηcΠ ηcΠ ηcpΠW ηctΠE ηcptΠC η2cΠ
2 η2cηpΠK η
2
cηtΠS η
2
cηptΠF
ηcpK ηcpK ηcη
2
pKW ηcptKE ηctη
2
pKC η
2
cηpKΠ η
2
cpK
2 η2cηptKS η
2
cpηtKF
ηctS ηctS ηcptSW ηcη
2
t SE ηcpη
2
t SC η
2
cηtSΠ η
2
cηptSK η
2
ctS
2 η2ctηpSF
ηcptF ηcptF ηctη
2
pFW ηcpη
2
t FE ηcη
2
ptFC η
2
cηptFΠ η
2
cpηtFK η
2
ctηpFS η
2
cptF
2
Tab. 4: The multiplication table of general generating
group CPT(Cℓ1,3).
However, for the spinor field ξα (spin-1/2 field) there are some restrictions. As is
known, many textbooks on quantum field theory (see, for example, [51, 52]) state that
a fermion and its associated antifermion have opposite relative intrinsic parity, that
is, for the field of type (1/2, 0)⊕ (0, 1/2) charge conjugation C and space inversion P
anticommute, CP = −PC, {C, P} = 0. At first glance, for higher spin fields, defined
via tensor products ξα1α2...αk =
∑
ξα1 ⊗ ξα2 ⊗ · · · ⊗ ξαk , these restrictions should be
changed. Hence it follows that bosonic and fermionic CPT groups should be different.
Indeed, a boson and its associated antiboson carry same relative intrinsic parity, that
is, for the field of type (1, 0) ⊕ (0, 1) the operations C and P commute, CP = PC,
[C, P ] = 0, see [13]. However, Wigner [53] showed that there are theories where a
fermion and its associated antifermion have the same relative intrinsic parity, [C, P ] =
0; and that a boson and its associated antiboson carry opposite relative intrinsic parity,
{C, P} = 0. Later on such theories were called as Bargmann-Wightman-Wigner-type
quantum field theories [54, 55], see also [56, 57, 58] and references therein. At present
day this ambiguous situation is known as ‘[C, P ]± = 0 dilemma’ [57].
In context of the present theory of discrete symmetries ‘[C, P ]± = 0 dilemma’ has
a simple algebraic solution. It is obvious that a choice [C, P ]± = 0 depends on the
spinor representations of P = ηpW and C = ηcΠ. In general, the matrix Π has two
different forms: Π = γα1γα2 · · · γαa when a ≡ 0 (mod 2) and Π = γβ1γβ2 · · · γβb when
b ≡ 1 (mod 2), where the complex matrices γαt and the real matrices γβs form a basis
of the spinor representation of the algebra Cℓp,q over the ring K ≃ H, a + b = p + q,
0 < t ≤ a, 0 < s ≤ b [22]. It is easy to verify that Π = γα1γα2 · · ·γαa always commutes
with W, therefore, we have [C, P ] = 0 in this case. In turn, Π = γβ1γβ2 · · · γβb
always anticommutes with W, therefore, {C, P} = 0. Among the groups CPT(Cℓ1,3),
considered in this subsection, we see that CPT+1 (Cℓ1,3) with Π = γ23, CPT
+
2 (Cℓ1,3)
and CPT+3 (Cℓ1,3) with Π = γ34 and CPT
+
4 (Cℓ1,3) with Π = γ24 lead to [C, P ] = 0. In
contrast, CPT+5 (Cℓ1,3) with Π = γ1 leads to {C, P} = 0.
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4 CPT groups in the space R1,4
In the work [59] discrete symmetries for the spinor field in the de Sitter space with the
signature (+,−,−,−,−), that is, in the space R1,4, have been derived via the analysis
of a de Sitter-Dirac wave equation. Discrete symmetries in the de Sitter space with
the signature (+,+,+,+,−), that is, in the space R4,1, have been considered in the
previous section within an algebraic framework based on the automorphism set of
Clifford algebras. In this section we study group structure of discrete transformations
in the space R1,4.
In this context the de Sitter spacetime is understood as a hyperboloid embedded
in the space R1,4:
XH =
{
x ∈ R1,4 : x2 = ηαβx
αxβ = −H−2
}
, α, β = 0, 1, 2, 3, 4, (21)
where ηαβ = diag(1,−1,−1,−1,−1).
The spinor wave equation in the Sitter spacetime (21) has been derived in [7, 59].
This equation has the form
(−i 6xγ · ∂ + 2i+ ν)ψ(x) = 0, (22)
where 6x = ηαβγαxβ and ∂α = ∂α+H
2xαx ·∂. In this case 4×4 matrices γα are spinor
representations of Cℓ1,4 and satisfy the relations
γαγβ + γβγα = 2ηαβ14.
The finite group G(1, 4), associated with the algebra Cℓ1,4, is a particular case of
(13). It is a finite group of order 64 with the order structure (23,40,0). In Salingaros
notation we have the following isomorphism:
G(1, 4) = Ω4 ≃ N4 ◦ (Z2 × Z2) ≃ Q4 ◦D4 ◦ (Z2 × Z2).
Let us define CPT group for the spinor field in the space R1,4. First of all,
the transformation C (the pseudoautomorphism A → A) for the algebras Cℓp,q over
the field F = R and the ring K ≃ H (the types p− q ≡ 4, 6 (mod 8)) corresponds to
particle-antiparticle interchange C ′ (see [22, 28]). As is known, neutral particles
are described within real representations of the Lorentz group. There are two classes
of neutral particles: 1) particles which have antiparticles such as neutrons, neutrinos
and so on; 2) particles which coincide with their antiparticles (for example, photons).
The first class is described by the the algebras Cℓp,q over the field F = R with the
rings K ≃ H and K ≃ H⊕H (the types p−q ≡ 4, 6 (mod 8) and p−q ≡ 5 (mod 8)),
and the second class (truly neutral particles) is described by the algebras Cℓp,q
over the field F = R with the rings K ≃ R and K ≃ R ⊕ R (the types p − q ≡ 0, 2
(mod 8) and p− q ≡ 1 (mod 8)) (for more details see [22, 28, 60]).
Since Cℓ1,4 is a semisimple algebra over the field F = R, then for Cℓ1,4 we have the
following decomposition: Cℓ1,4 ≃ Cℓ
+
1,4 ⊕ Cℓ
+
1,4, where Cℓ
+
1,4 is an even subalgebra of
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Cℓ1,4. Moreover, there is an isomorphism Cℓ
+
1,4 ≃ Cℓ4,0, therefore, Cℓ1,4 ≃ Cℓ4,0⊕Cℓ4,0.
This decomposition can be represented by the following scheme:
❏
❏
❏❫
✡
✡
✡✢
Cℓ1,4
λ+ λ−
Cℓ4,0 Cℓ4,0⊕
Here central idempotents
λ+ =
1 + e1e2e3e4e5
2
, λ− =
1− e1e2e3e4e5
2
satisfy the relations (λ+)
2 = λ+, (λ−)
2 = λ−, λ+λ− = 0. In accordance with [61]
the idempotents λ+ and λ− can be identified with helicity projection operators which
distinguish left and right handed spinors.
The decomposition Cℓ1,4 ≃ Cℓ4,0⊕Cℓ4,0 induces a left-regular spinor representation
Cℓ1,4
γ
−→ End
H⊕Hˆ
(S2 ⊕ Sˆ2), where S2(H) ≃ I4,0 = Cℓ4,0f is a minimal left ideal of the
subalgebra Cℓ4,0, f is a primitive idempotent of Cℓ4,0. This spinor representation is
realized within the matrix algebra 2Mat2(H) = Mat2(H)⊕Mat2(H).
However, there is a homomorphic mapping
ǫ : Cℓ1,4 −→
ǫCℓ4,0,
where
ǫCℓ4,0 ≃ Cℓ4,0/Ker ǫ
is a quotient algebra, Ker ǫ = {A1 − ωA1} is a kernel of the homomorphism ǫ (a
bilateral ideal of the algebra Cℓ1,4, see [28]), A
1 ∈ Cℓ4,0, ω = e12345 is a volume
element of Cℓ1,4. Under action of the homomorphism ǫ we cannot to transfer all
the automorphisms of the initial algebra Cℓ1,4 onto the quotient algebra
ǫCℓ4,0. So,
in accordance with Theorem 14 in [28] at the mapping ǫ : Cℓ1,4 →
ǫCℓ4,0 we can
transfer onto ǫCℓ4,0 only the antiautomorphism A → A˜, pseudoautomorphism A → A
(particle-antiparticle interchange C ′) and pseudoantiautomorphism A → A˜. All other
automorphisms of Cℓ1,4 do not transferred from Cℓ1,4 to
ǫCℓ4,0. Therefore, we have
PT(ǫCℓ4,0) = {1, T, C
′, C ′T} ∼ {I,E,Π, S}. It is easy to see that {1, T, C ′, C ′T} ∼
{I,E,Π, S} is the subgroup of the group CPT(Cℓ4,0) considered in the subsection 3.2.
For the idempotents f±1 , f
±
2 , f
±
3 , f
±
4 ∈ Cℓ4,0, which generate the group (A.3), we
obtain
PT(ǫCℓ4,0) ≃ {1, T, C
′, C ′T} ≃ {14, γ34, ηcγ34, ηc14}.
The multiplication table of this group is shown in the Tab. 5. In both cases η2c = 1
and η2c = −1 we have here an Abelian group PT−(
ǫCℓ4,0) ≃ Z4 and, therefore, C
′PT
groups (more precisely, C ′T groups) are isomorphic to C−,−,+ ≃ C−,+,− ≃ Z4 × Z2.
Further, for the idempotent f+5 =
1
2
(1 + e1234) ∈ Cℓ4,0, which generates the group
(A.5), we have
PT
+
5 (
ǫCℓ4,0) ≃ {1, T, C
′, C ′T} ≃ {14, γ1, ηcγ1, ηc14}.
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1 T C′ C′T
1 1 T C′ C′T
T T −1 −C′T C′
C′ C′ −C′T −(C′)2 (C′)2T
C′T C′T C′ (C′)2T (C′T )2
∼
14 γ34 ηcγ34 ηc14
14 14 γ34 ηcγ34 ηc14
γ34 γ34 −14 −ηc14 ηcγ34
ηcγ34 ηcγ34 −ηc14 −η
2
c
14 η
2
c
γ34
ηc14 ηc14 ηcγ34 η
2
c
γ34 η
2
c
14
Tab. 5: The multiplication table of PT(ǫCℓ4,0) ≃
Z4 in dependence of the sign of η
2
c . Z4 with the
signature (−,−,+) at η2c = 1 and Z4 with (−,+,−)
at η2c = −1.
1 T C ′ C ′T
1 1 T C ′ C ′T
T T 1 C ′T C ′
C ′ C ′ C ′T (C ′)2 (C ′)2T
C ′T C ′T C ′ (C ′)2T (C ′T )2
∼
14 γ1 ηcγ1 ηc14
14 14 γ1 ηcγ1 ηc14
γ1 γ1 14 ηc14 ηcγ1
ηcγ1 ηcγ1 ηc14 η
2
c14 η
2
cγ1
ηc14 ηc14 ηcγ1 η
2
cγ1 η
2
c14
Tab. 6: The multiplication table of PT+5 (
ǫCℓ4,0)
in dependence on the sign of η2c . PT
+
5 (
ǫCℓ4,0) ≃
Z2×Z2 with the signature (+,+,+) at η
2
c = 1 and
PT
+
5 (
ǫCℓ4,0) ≃ Z4 with (+,−,−) at η
2
c = −1.
The multiplication table of this group is given in Tab. 6. In this case when η2c = 1 we
have the group PT+5 (
ǫCℓ4,0) ≃ Z2×Z2 and the group PT
+
5 (
ǫCℓ4,0) ≃ Z4 when η
2
c = −1.
In the first case we come to C+,+,+ ≃ Z2 × Z2 × Z2 and to C
+,−,− ≃ Z4 × Z2 in the
second case.
5 CPT groups in anti-de Sitter space R3,2
As it has been shown in the section 4, a five-dimensional pseudoeuclidean space R1,4
(so called de Sitter space) is associated with the algebra Cℓ1,4. In turn, the anti-de
Sitter space R3,2, associated with the algebra Cℓ3,2, leads to the following extraspecial
group of order 64:
G(3, 2) = Ω3 ≃ N3 ◦D2 ≃ D4 ◦D4 ◦D2.
Let us study discrete symmetries arising from the algebra Cℓ3,2 associated with the
space R3,2. First of all, Cℓ3,2 is a semisimple algebra over the field F = R with a double
division ring K ≃ R⊕R, the type p− q ≡ 1 (mod 8). In accordance with Theorem 9
in [22] for the algebras Cℓp,q over the real field F = R with real division rings K ≃ R
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and K ≃ R ⊕ R (types p − q ≡ 0, 1, 2 (mod 8)) the pseudoautomorphism A → A
(charge conjugation C) is reduced to the identical transformation Id, therefore, such
algebras correspond to truly neutral particles (for example, photons, K0-mesons
and so on).
The algebra Cℓ3,2 admits a decomposition Cℓ3,2 ≃ Cℓ
+
3,2⊕Cℓ
+
3,2, where Cℓ
+
3,2 ≃ Cℓ2,2
is an even subalgebra of Cℓ3,2. In turn, this decomposition can be represented by the
scheme
❏
❏
❏❫
✡
✡
✡✢
Cℓ3,2
λ+ λ−
Cℓ2,2 Cℓ2,2⊕
Here central idempotents
λ+ =
1 + e1e2e3e4e5
2
, λ− =
1− e1e2e3e4e5
2
generate two mutually annihilating simple ideals.
Further, the decomposition Cℓ3,2 ≃ Cℓ2,2 ⊕ Cℓ2,2 induces a left-regular spinor rep-
resentation Cℓ3,2
γ
−→ End
R⊕Rˆ
(S4 ⊕ Sˆ4), where S4(R) ≃ I2,2 = Cℓ2,2f is a minimal left
ideal of the subalgebra Cℓ2,2, f is a primitive idempotent of Cℓ2,2. In general, this
spinor representation is realized within the matrix algebra 2Mat4(R).
There is also a homomorphic mapping
ǫ : Cℓ3,2 −→
ǫCℓ2,2,
where
ǫCℓ2,2 ≃ Cℓ2,2/Ker ǫ
is a quotient algebra. In accordance with Theorem 14 in [28] at the mapping ǫ :
Cℓ3,2 →
ǫCℓ2,2 we can transfer onto
ǫCℓ2,2 only the antiautomorphism A → A˜ (time
reversal T ). Therefore, we have PT(ǫCℓ2,2) ≃ {1, T} ≃ {I,E}. It is easy to see that
PT(ǫCℓ2,2) ≃ {1, T} is the subgroup of PT−(Cℓ2,2) ≃ Z4 (see (A.9)) considered in
the subsection 3.5. In the spinbasis (A.8), defined by the idempotent f+1 ∈ Cℓ2,2, we
obtain
PT−(
ǫCℓ2,2) ≃ {1, T} ≃ {14, γ34} ≃ Z4/Z2.
The multiplication table of PT−(
ǫCℓ2,2) is given in the Tab. 7. The group Z4/Z2 ≃
{1, i} has element i with order 4.
In conclusion it should be noted that anti-de Sitter space R2,3 with the opposite
signature (+,+,−,−,−) corresponds to the algebra Cℓ2,3 of the type p − q ≡ 7
(mod 8). This algebra has the complex division ring K ≃ C and, therefore, there is
an isomorphism Cℓ2,3 ≃ Cℓ4. It is obvious that in this case we return to CPT groups
considered in the section 3.
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1 T
1 1 T
T T −1
∼
14 γ34
14 14 γ34
γ34 γ34 −14
Tab. 7: The multiplication table of PT−(
ǫCℓ2,2) ≃ Z4/Z2.
6 Summary
In this paper we have study discrete symmetries for the spinor field in the spaces
R4,1, R1,4 and R3,2 in terms of automorphism groups of the algebras Cℓ4,1, Cℓ1,4 and
Cℓ3,2. The algebras Cℓ4,1, Cℓ1,4 and Cℓ3,2 are considered here as three model examples
of the more general algebraic framework. As is known, the spinor field (the field
of the spin-1/2) is described within (1/2, 0) ⊕ (0, 1/2)-representation of the Lorentz
group. This representation is a fundamental representation of the group Spin+(1, 3).
For that reason Dirac wrote that spin-1/2 is more elementary rather then spin-0
[62]. All other (finite-dimensional) representations of Spin+(1, 3), which compound
higher spin fields, are derived by tensoring of spin-1/2 fields. There is a relationship
between representations of Spin+(1, 3) and Clifford algebras [32, 60]. At this point,
complex representations of Spin+(1, 3) are described within a representation system
MC = M
0 ⊕M1, and real representations within a system MR = M
+ ⊕M−, where
1) F = C, MC = M
0 ⊕M1.
M0 : Cl0+l1−1,l0−l1+1, ↔ Cℓn, n ≡ 0 (mod 2);
M
1 : ǫCl0+l1−1,l0−l1+1, ↔ Cℓn, n ≡ 1 (mod 2).
2) F = R, MR = M
+ ⊕M−.
M+ :


R
l0
0 ↔ Cℓp,q, p− q ≡ 0 (mod 8), K ≃ R;
R
l0
2 ↔ Cℓp,q, p− q ≡ 2 (mod 8), K ≃ R;
H
l0
4 ↔ Cℓp,q, p− q ≡ 4 (mod 8), K ≃ H;
H
l0
6 ↔ Cℓp,q, p− q ≡ 6 (mod 8), K ≃ H.
M− :


C
l0
3 ↔ Cℓp,q, p− q ≡ 3 (mod 8), K ≃ C;
C
l0
7 ↔ Cℓp,q, p− q ≡ 7 (mod 8), K ≃ C;
R
l0
0,2 ⊕R
l0
0,2 ↔ Cℓp,q, p− q ≡ 1 (mod 8), K ≃ R⊕ R;
H
l0
4,6 ⊕ H
l0
4,6 ↔ Cℓp,q, p− q ≡ 5 (mod 8), K ≃ H⊕H.
Here the numbers l0 and l1 define a Gel’fand-Naimark representation basis of the
Lorentz group (for more details see [32, 60]). Hence it follows that the system
MC = M
0⊕M1 and also the representations Cl03 and C
l0
7 of the block M
− correspond
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to charged particles. The representations Hl04 and H
l0
6 of the block M
+ and Hl04,6⊕H
l0
4,6
of M− (quaternionic representations of the group Spin+(1, 3)) correspond to neutral
particles of the first class (neutral particles which admit particle-antiparticle inter-
change). In turn, the representations Rl00 and R
l0
2 of the block M
+ and Rl00,2 ⊕R
l0
0,2
of M− correspond to truly neutral particles.
Appendix A: CPT groups of the Dirac algebra Cℓ4
In this appendix we will define CPT groups for the algebra Cℓ4,1 ≃ Cℓ4 in dependence
on the division ring structure of the real subalgebras Cℓp,q ⊂ Cℓ4. We consider in
sequence CPT groups generated by the subalgebras Cℓ1,3, Cℓ4,0, Cℓ0,4, Cℓ3,1, Cℓ2,2.
A.1 The subalgebra Cℓ1,3
The primitive idempotent of the spacetime algebra Cℓ1,3 can be defined by an expres-
sion f = 1
2
(1 + e14), and a division ring has the form
3
K = fCℓ1,3f = {1, e2, e3, e23} ≃ {1, i, j, k} ≃ H,
where i, j, k are well known quaternion units. Therefore, the mapping Cℓ1,3
γ
−→
EndH(S2) leads to the following representation:
γ1 =
[
0 12
12 0
]
, γ2 =
[
e2 0
0 −e2
]
, γ3 =
[
e3 0
0 −e3
]
, γ4 =
[
0 −12
12 0
]
. (A.1)
Let us define CPT group for the algebra Cℓ1,3. First of all, Cℓ1,3 has the type
p − q ≡ 6 (mod 8), therefore, all the eight automorphisms exist (see Theorem 10
in [22]). Using γ-matrices of the spinbasis (A.1), we define elements of the group
CPT(Cℓ1,3). The matrix of the automorphism A → A
⋆ has the form W = γ1γ2γ3γ4 =
γ1234. Further, since
γt1 = γ1, γ
t
2 = γ2, γ
t
3 = γ3, γ
t
4 = −γ4,
then in accordance with A˜ = EAtE−1 we have
γ1 = Eγ1E
−1, γ2 = Eγ2E
−1, γ3 = Eγ3E
−1, γ4 = −Eγ4E
−1.
Hence it follows that E commutes with γ1, γ2, γ3 and anticommutes with γ4, that is,
E = γ123. From the definition C = EW we find that the matrix of the antiautomor-
phism A → A˜⋆ has the form C = γ4. The spinbasis (A.1) contains both complex and
real matrices:
γ∗1 = γ1, γ
∗
2 = −γ2, γ
∗
3 = −γ3, γ
∗
4 = γ4,
3Here we use the CLIFFORD package for Maple developed by R. Ab lamowicz [50].
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choosing e2 ∼ i ∼
[
0 −i
i 0
]
, e3 ∼ j ∼
[
i 0
0 −i
]
. Therefore, from A = ΠA∗Π−1 we
obtain
γ1 = Πγ1Π
−1, γ2 = −Πγ2Π
−1, γ3 = −Πγ3Π
−1, γ4 = Πγ4Π
−1.
From the latter relations we find Π = γ23. Further, in accordance with K = ΠW
for the spinor representation of the pseudoautomorphism A → A⋆ we have K = γ14.
Finally, for the pseudoantiautomorphisms A → A˜ (CT -transformation) and A → A˜⋆
(CPT -transformation) from the definitions S = ΠE and F = ΠC we find that S = γ1
and F = γ234. Thus, we come to the following automorphism group:
CPT(Cℓ1,3) ≃ {I, W, E, C, Π, K, S, F} ≃
≃ {14, γ1234, γ123, γ4, γ23, γ14, γ1, γ234}.
The multiplication table of this group is given in the Tab. 8. Super and subscripts
in CPT+i correspond to super and subscripts of the primitive idempotents f
+
i . As
14 γ1234 γ123 γ4 γ23 γ14 γ1 γ234
14 14 γ1234 γ123 γ4 γ23 γ14 γ1 γ234
γ1234 γ1234 −14 γ4 −γ123 −γ14 γ23 −γ234 γ1
γ123 γ123 −γ4 −14 γ1234 −γ1 γ234 γ23 −γ14
γ4 γ4 γ123 −γ1234 −14 γ234 γ1 −γ14 −γ23
γ23 γ23 −γ14 −γ1 γ234 −14 γ1234 γ123 −γ4
γ14 γ14 γ23 −γ234 −γ1 γ1234 14 −γ4 −γ123
γ1 γ1 γ234 γ23 γ14 γ123 γ4 14 γ1234
γ234 γ234 −γ1 γ14 −γ23 −γ4 γ123 −γ1234 14
Tab. 8: The multiplication table of CPT+1 (Cℓ1,3).
follows from this table the group CPT+1 (Cℓ1,3) is an non-Abelian finite group with the
signature (−,−,−,−,+,+,+). The CPT group C−,−,−,−,+,+,+ ≃
∗
Z4 × Z2 × Z2 is
the subgroup of G(4, 1). It is easy to verify that the same group we obtain for the
idempotent f = 1
2
(1− e14).
In common with the idempotents f±1 =
1
2
(1 ± e14) the algebra Cℓ1,3 has the fol-
lowing sequence of primitive idempotents:
f±2 =
1
2
(1± e1), f
±
3 =
1
2
(1± e12), f
±
4 =
1
2
(1± e13), f
±
5 =
1
2
(1± e234).
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It is easy to verify that idempotents f+2 , f
+
3 , f
+
4 lead with minor variations to the
group
∗
Z4 ×Z2 ×Z2. We list below division rings, spinbases and CPT groups for f
+
2 ,
f+3 , f
+
4 :
f+2 =
1
2
(1 + e1),
K = f+2 Cℓ1,3f
+
2 = {1, e23, e24, e34} ≃ {1, i, j, k} ≃ H,
γ1 =
[
12 0
0 −12
]
, γ2 =
[
0 −12
12 0
]
, γ3 =
[
0 e23
e23 0
]
, γ4 =
[
0 e24
e24 0
]
,
CPT
+
2 (Cℓ1,3) ≃ {14, γ1234, γ134, γ2, γ34, γ12, γ1, γ234} ≃
∗
Z4 × Z2,
C−,−,−,−,+,+,+ ≃
∗
Z4 × Z2 × Z2;
f+3 =
1
2
(1 + e12),
K = f+3 Cℓ1,3f
+
3 = {1, e3, e4, e34} ≃ {1, i, j, k} ≃ H,
γ1 =
[
0 12
12 0
]
, γ2 =
[
0 −12
12 0
]
, γ3 =
[
e3 0
0 −e3
]
, γ4 =
[
e4 0
0 −e4
]
,
CPT
+
3 (Cℓ1,3) ≃ {14, γ1234, γ134, γ2, γ34, γ12, γ2, γ234} ≃
∗
Z4 × Z2,
C−,−,−,−,+,+,+ ≃
∗
Z4 × Z2 × Z2;
f+4 =
1
2
(1 + e13),
K = f+4 Cℓ1,3f
+
4 = {1, e2, e4, e24} ≃ {1, i, j, k} ≃ H,
γ1 =
[
0 12
12 0
]
, γ2 =
[
e2 0
0 −e2
]
, γ3 =
[
0 −12
12 0
]
, γ4 =
[
e4 0
0 −e4
]
,
CPT
+
4 (Cℓ1,3) ≃ {14, γ1234, γ124, γ3, γ24, γ13, γ1, γ234} ≃
∗
Z4 × Z2,
C−,−,−,−,+,+,+ ≃
∗
Z4 × Z2 × Z2.
It is not hard to see that idempotents f−1 f
−
2 , f
−
3 , f
−
4 lead to the same group
∗
Z4 ×
Z2 × Z2.
In contrast to f±1 f
±
2 , f
±
3 , f
±
4 , for the primitive idempotents f
±
5 =
1
2
(1± e234) we
have other realizations of Ca,b,c,d,e,f,g. Indeed,
f+5 =
1
2
(1 + e234),
K = f+5 Cℓ1,3f
+
5 = {1, e2, e3, e23} ≃ {1, i, j, k} ≃ H,
γ1 =
[
0 12
12 0
]
, γ2 =
[
e2 0
0 −e2
]
, γ3 =
[
e3 0
0 −e3
]
, γ4 =
[
−e23 0
0 e23
]
. (A.2)
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In the spinbasis (A.2) we see that all the γ-matrices are symmetric,
γt1 = γ1, γ
t
2 = γ2, γ
t
3 = γ3, γ
t
4 = γ4.
Therefore, the matrix E of the antiautomorphism A → A˜ commutes with all the
matrices of (A.2). This condition takes place only in the case when E ∼ 14. We
suppose E = ηt14, where ηt is a phase factor, ηt ∈ C
∗ = C − {0}. Then from the
definition C = EW we have C = ηtγ1234 for the antiautomorphism A → A˜⋆. The basis
(A.2) contains both complex and real matrices:
γ∗1 = γ1, γ
∗
2 = −γ2, γ
∗
3 = −γ3, γ
∗
4 = −γ4.
Hence it follows that the matrix Π of the pseudoautomorphism A → A commutes with
γ1 and anticommutes with γ2, γ3, γ4. Therefore, the spinor representation of A → A
is defined by Π = γ1. Further, from the definition K = ΠW we have K = γ234 for the
pseudoautomorphism A → A⋆. Finally, from the definitions S = ΠE and F = ΠC we
obtain for the pseudoantiautomorphisms A → A˜ and A → A˜⋆ the following spinor
representations: S = ηtγ1 and F = ηtγ234. Thus, we come to the following generating
group:
CPT
+
5 (Cℓ1,3) ≃ {14, γ1234, ηt14, ηtγ1234, γ1, γ234, ηtγ1, ηtγ234}.
The multiplication table of this group is shown in the Tab. 9. As follows from this
14 ω ηt14 ηtω γ1 γ234 ηtγ1 ηtγ234
14 14 ω ηt14 ηtω γ1 γ234 η2γ1 ηtγ234
ω ω −14 ηtω −ηt14 −γ234 γ1 −ηtγ234 ηtγ1
ηt14 ηt14 ηtω η
2
t
14 η
2
t
ω ηtγ1 ηtγ234 η
2
t
γ1 η
2
t
γ234
ηtω ηtω −ηt14 η
2
t
ω −η2
t
14 −ηtγ234 ηtγ1 −η
2
t
γ234 η
2
t
γ1
γ1 γ1 γ234 ηtγ1 ηtγ234 14 ω ηt14 ηtω
γ234 γ234 −γ1 ηtγ234 −ηtγ1 −ω 14 −ηtω ηt14
ηtγ1 ηtγ1 ηtγ234 η
2
t
γ1 η
2
t
γ234 ηt14 ηtω η
2
t
14 η
2
t
ω
ηtγ234 ηtγ234 −ηtγ1 η
2
t
γ234 −η
2
t
γ1 −ηtω ηt14 −η
2
t
ω η2
t
14
Tab. 9: The multiplication table of CPT+5 (Cℓ1,3)
in dependence of the sign of η2t , where ω = γ1234.
CPT
+
5 (Cℓ1,3) ≃ D4 at η
2
t = 1 and CPT
+
5 (Cℓ1,3) ≃
∗
Z4 × Z2 at η
2
t = −1.
table, when η2t = 1 we have C
−,+,−,+,+,+,+ ≃ D4×Z2 and C
−,−,+,+,+,−,− ≃
∗
Z4×Z2×Z2
when η2t = −1. In the first case ηt = ±1, and in the second case ηt = ±i.
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A.2 The subalgebra Cℓ4,0
The next real subalgebra of Cℓ4 is Cℓ4,0. This algebra has the type p− q ≡ 4 (mod 8)
and the first primitive idempotent f+1 =
1
2
(1 + e1). The division ring of Cℓ4,0 is
K = f+1 Cℓ4,0f
+
1 = {1, e23, e24, e34} ≃ {1, i, j, k} ≃ H,
Therefore, the mapping Cℓ4,0
γ
−→ EndH(S2) gives the following spinor representation:
γ1 =
[
12 0
0 −12
]
, γ2 =
[
0 12
12 0
]
, γ3 =
[
0 −e23
e23 0
]
, γ4 =
[
0 −e24
e24 0
]
.
Making the same calculations as in the case of Cℓ1,3, we come to the group
CPT
+
1 (Cℓ4,0) ≃ {14, γ1234, γ34, γ12, ηcγ34, ηcγ12, ηc14, ηcγ1234}. (A.3)
Hence it follows that CPT+1 (Cℓ4,0) ≃
∗
Z4×Z2 at η
2
c = 1 and also CPT
+
1 (Cℓ4,0) ≃
∗
Z4×Z2
at η2c = −1. Therefore, in both cases we have
C+,−,−,−,−,+,+ ≃ C+,−,−,+,+,−,− ≃ CPT+1 (Cℓ4,0) ≃
∗
Z4 × Z2 × Z2. (A.4)
In common with the idempotent f+1 the algebra Cℓ4,0 has the following primitive
idempotents:
f+2 =
1
2
(1 + e2), f
+
3 =
1
2
(1 + e3), f
+
4 =
1
2
(1 + e4), f
+
5 =
1
2
(1 + e1234).
It is easy to verify that the idempotents f+2 , f
+
3 , f
+
4 lead to the group (A.3) (resp.
(A.4)), that is, CPT+2 (Cℓ4,0), CPT
+
3 (Cℓ4,0), CPT
+
4 (Cℓ4,0) are isomorphic to CPT
+
1 (Cℓ4,0).
However, situation is changed for the idempotent f+5 . In this case we have
K = f+5 Cℓ4,0f
+
5 = {1, e23, e24, e34} ≃ {1, i, j, k} ≃ H,
γ1 =
[
0 12
12 0
]
, γ2 =
[
0 e34
−e34 0
]
, γ3 =
[
0 −e24
e24 0
]
, γ4 =
[
0 e23
−e23 0
]
,
CPT
+
5 (Cℓ4,0) ≃ {14, γ1234, γ1, γ234, ηcγ1, ηcγ234, ηc14, ηcγ1234}, (A.5)
and
η2c = 1 : CPT
+
5 (Cℓ4,0) ≃ D4 −→ C
+,+,−,+,−,+,+ ≃ D4 × Z2,
η2c = −1 : CPT
+
5 (Cℓ4,0) ≃
∗
Z4 × Z2 −→ C
+,+,−,−,+,−,− ≃
∗
Z4 × Z2 × Z2.
It is not hard to see that for the idempotents f−i (i = 1, . . . , 5) we obtain the same
isomorphisms.
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A.3 The subalgebra Cℓ0,4
The next real subalgebra of Cℓ4 with the quaternionic ringK = H is Cℓ0,4. This algebra
has the type p− q ≡ 4 (mod 8) and the first primitive idempotent f+1 =
1
2
(1 + e123).
The division ring of Cℓ0,4 for f
+
1 is
K = f+1 Cℓ0,4f
+
1 = {1, e1, e13, e3} ≃ {1, i, j, k} ≃ H.
Therefore, the mapping Cℓ0,4
γ
−→ EndH(S2) gives the following spinor representation:
γ1 =
[
e1 0
0 −e1
]
, γ2 =
[
e13 0
0 −e13
]
, γ3 =
[
e3 0
0 −e3
]
, γ4 =
[
0 −12
12 0
]
. (A.6)
The generating group CPT+1 (Cℓ0,4) arising from the spinbasis (A.6) is
CPT
+
1 (Cℓ0,4) ≃ {14, γ1234, γ123, γ4, ηcγ4, ηcγ123, ηcγ1234, ηc14}.
In this case we have
η2c = 1 : CPT
+
1 (Cℓ0,4) ≃ D4 −→ C
+,+,−,−,+,+,+ ≃ D4 × Z2,
η2c = −1 : CPT
+
1 (Cℓ0,4) ≃
∗
Z4 × Z2 −→ C
+,+,−,+,−,−,− ≃
∗
Z4 × Z2 × Z2.
It is easy to verify that for other primitive idempotents within Cℓ0,4,
f±2 =
1
2
(1± e124), f
±
3 =
1
2
(1± e134), f
±
4 =
1
2
(1 +±e234),
f±5 =
1
2
(1± e1234),
all the generating groups CPT±i (Cℓ0,4) (i = 2, . . . , 5) are isomorphic to CPT
+
1 (Cℓ0,4).
A.4 The subalgebra Cℓ3,1
The first real subalgebra of Cℓ4 with the real division ring K = R is Cℓ3,1 (so-called
Maiorana algebra). This algebra has the type p−q ≡ 2 (mod 8) and the first primitive
idempotent is
f+1 =
1
4
(1 + e1)(1 + e34)
and
K = f+1 Cℓ3,1f
+
1 ≃ {1} ≃ R.
The mapping Cℓ3,1
γ
−→ EndR(S4) gives
γ1 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 , γ2 =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 ,
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γ3 =


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 , γ4 =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 . (A.7)
In case of the type p−q ≡ 2 (mod 8) the matrix Π of the pseudoautomorphismA → A
is proportional to the unit matrix (identical transformation) and the automorphism
group CPT(Cℓp,q) is reduced to the group of fundamental automorphisms, PT±(Cℓp,q)
(see Theorem 10 in [22]).
For the idempotent f+1 and the spinbasis (A.7) we have
PT+(Cℓ3,1) ≃ {14, γ1234, γ123, γ4} ≃ Q4/Z2,
C−,−,− ≃ Q4.
The idempotent f−1 =
1
4
(1− e1)(1− e34) leads also to the group PT+(Cℓ3,1) ≃ Q4/Z2.
Moreover, all other primitive idempotents of Cℓ3,1,
f±2 =
1
4
(1± e1)(1± e24), f
±
3 =
1
4
(1± e2)(1± e14),
f±4 =
1
4
(1± e3)(1± e134), f
±
5 =
1
4
(1± e3e4)(1± e234)
generate spinor representations with PT+(Cℓ3,1) ≃ Q4/Z2. Therefore, the group
C−,−,− ≃ Q4 is an invariant fact for Cℓ3,1. In other words, this result does not
depend on the choice of the spinor representation.
A.5 The subalgebra Cℓ2,2
Finally, we come to the subalgebra Cℓ2,2 ⊂ Cℓ4. This algebra has the type p − q ≡
0 (mod 8) and K ≃ R. The mapping Cℓ2,2
γ
−→ EndR(S4) for the first primitive
idempotent f+1 =
1
4
(1 + e13)(1 + e24) gives
K = f+1 Cℓ2,2f
+
1 ≃ {1} ≃ R.
γ1 =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 , γ2 =


0 0 1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 ,
γ3 =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 , γ4 =


0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

 . (A.8)
As in the previous case of Cℓ3,1 the spinor representation of the pseudoautomorphism
A → A is reduced to the unit matrix. For the idempotents f±1 we have
PT−(Cℓ2,2) ≃ {14, γ1234, γ34, γ12} ≃ Z4, (A.9)
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C+,−,− ≃ Z4 × Z2.
It is easy to verify that all other primitive idempotents of Cℓ2,2,
f±2 =
1
4
(1± e23)(1± e14), f
±
3 =
1
4
(1± e14)(1± e124),
f±4 =
1
4
(1± e24)(1± e1234), f
±
5 =
1
4
(1± e1)(1± e23),
f±6 =
1
4
(1± e2)(1± e13)
generate spinor representations with PT−(Cℓ2,2) ≃ Z4. Thus, the group C
+,−,− ≃
Z4 × Z2 is an invariant fact for the algebra Cℓ2,2.
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